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RESIDUAL FINITENESS AND STRICT DISTORTION OF CYCLIC SUBGROUPS OF
SOLVABLE GROUPS
MARK PENGITORE
ABSTRACT. We provide polynomial lower bounds for residual finiteness of residually finite, finitely generated
solvable groups that admit infinite order elements in the Fitting subgroup of strict distortion at least exponential.
For this class of solvable groups which include polycyclic groups with a nontrivial exponential radical and the
metabelian Baumslag-Solitar groups, we improve the lower bounds found in the literature. Additionally, for the
class of residually finite, finitely generated solvable groups of infinite Pru¨fer rank that satisfy the conditions of
our theorem, we provide the first nontrivial lower bounds.
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1. INTRODUCTION
A group G is residually finite if for each nontrivial element x ∈ G, there exists a surjective group
morphism ϕ : G→ H to a finite group such that ϕ(x) 6= 1. In this case, we say that H is a finite witness of
x. When G comes equipped with a finite generating subset S, we may quantify residual finiteness of G with
the function RFG,S(n) which was introduced in [3]. The value of RFG,S(n) is the maximum order of a finite
group needed to witness a nontrivial element as one varies over nontrivial elements of word length at most
n with respect to the generating subset S. Since the dependence of RFG,S(n) on S is mild, we will suppress
the generating subset throughout the introduction.
Much of the previous work in the literature has been to compute RFG(n) for interesting classes of groups
and to provide characterizations of various classes of groups based on the behavior of RFG(n) (see [13] and
the references therein). Upper bounds have been provided for RFG(n) for many classes of groups such as
the non-abelian free group of finite rank, finitely generated nilpotent groups, polycyclic groups, and more
generally linear groups. On the other hand, providing lower bounds for RFG(n) tends be more difficult, and
not as much work has been done. For instance, lower bounds have been provided for the non-abelian free
group of finite rank, finitely generated nilpotent groups, and the first Grigorchuk group. Our main interest
is in lower bounds for RFG(n) for residually finite, finitely generated solvable groups. [2] gave the first
nontrivial lower bound for residually finite, finitely generated solvable non-virtually nilpotent groups. For
solvable groupsG of this class that are of finite Pru¨fer rank, it was demonstrated that n1/2mRFG(n)where
m is some natural number. Additionally, for each recursive function f :N→N, [12] constructs a residually
finite, finitely presentable solvable groupG of derived length 3 such that f (n)RFG(n). Thus, for a general
residually finite, finitely presentable solvable group, there is no possible class of functions that provide upper
asymptotic bounds for residual finiteness. However, one can hope to provide lower asymptotic bounds for
residual finiteness for a large class of residually finite, finitely generated solvable non-virtually nilpotent
groups given certain assumptions. In this article, we provide an improved lower bound for RFG(n) when
G is a residually finite, finitely generated solvable group with elements in the Fitting subgroup which have
strict distortion at least exponential. In particular, this article improves on the lower bounds found in the
literature for finitely generated solvable groups of finite Pru¨fer rank which satisfy our main theorem and
gives the first nontrivial lower bound for the class of finitely generated solvable groups of infinite Pru¨fer
rank that satisfy the main theorem of this article.
Before proceeding to the main result of this paper, we introduce some notation and terminology. For
two nondecreasing functions f ,g : N→ N, we say that f  g if there exists a constant C > 0 such that
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f (n)≤Cg(Cn) for all n. We say that f ≈ g if f  g and g f . We say that an infinite order element x in a
group G equipped with a finite generating subset S is strictly f -distorted if there exist constants C1,C2 > 0
such that C1|n| ≤ f (‖x
n‖S) ≤C2|n|. For a group G, we denote γm(G) as the m-th step of the lower central
series, and when G is a finitely generated solvable group, we denote Fitt(G) as the Fitting subgroup. For
a nontrivial element x ∈ Fitt(G), we say that x has nilpotent depth m if there exists a normal nilpotent
subgroup N of G such that 〈x〉∩ γm(N) 6= {1}.
Theorem 1.1. Let G be a residually finite, finitely generated solvable group that is not virtually nilpotent,
and let f : N→ N be a nondecreasing function such that 2n  f (n)  22
n
. If G admits an infinite order,
strictly f -distorted element x contained in Fitt(G), then
log( f (n)) RFG(n),
and if x has nilpotent depth m> 1, then
(log( f (n)))m+1  RFG(n).
In particular, n RFG(n), and if x has nilpotent depth m> 1, then n
m+1  RFG(n).
Before proceeding to applications, we provide some justification for the various restrictions in our the-
orem. It was demonstrated in [3] that if G is a virtually nilpotent group, then RFG(n)  (log(n))
k where
k is some natural number; consequently, we assume that our groups are not virtually nilpotent in order to
have a new result. Since there exist examples of non-residually finite, finitely presentable solvable groups
of derived length 3, it is necessary to assume that our solvable groups are residually finite. We also note
that if the solvable group G admits an infinite order element, then log(n) RFG(n) automatically. Thus, in
order to have a nontrivial result, we must have that 2n  f (n). Finally, [9, 3.K1] implies that if 22
n
 f (n),
then there would be more than exponentially many points in n-balls of G which is impossible. In particular,
the strict distortion of any element is at most 22
n
which implies the necessity of the upper bound for f (n).
Our first application is to cocompact lattices in Sol and in solvable Lie groups of the formRd⋊MRwhere
M is a positive definite matrix with all eigenvalues not equal to 1. Cocompact lattices in these solvable Lie
groups were the first class of polycyclic non-virtually nilpotent groups for which quasi-isometric rigidity
results were announced, and in particular, these groups form an interesting class of residually finite, finitely
generated solvable groups to study effective residually finiteness for. We have by the top of [8, page 1684]
that if G is a cocompact lattice in Rd⋊MR, then each element of G∩R
d is strictly exponentially distorted,
and since G∩Rd ∼= Zd , we are able to apply Theorem 1.1. More generally, Sol and the solvable Lie
groups Rd⋊MR are examples of what are known as nondegenerate, split abelian by abelian Lie groups for
which similar statements can be made (see [16, 17] for a precise definition). Hence, we have the following
corollary.
Corollary 1.2. Let G be a cocompact lattice in Sol or in Rd ⋊M R where M is a positive definite matrix
with all eigenvalues not equal to 1. Then n  RFG(n). More generally, if G is a cocompact lattice in a
connected, simply connected, nondegenerate, split abelian by abelian solvable Lie group, then nRFG(n).
For a connected, simply connected, non-nilpotent, upper triangular Lie group G with nilradical N and
exponential radical Exp(G) (see [6, 15] for the definition of exponential radical), we have by using [6,
Lemma 2.5] and basic facts found in [1, 7, 18] that if G is a cocompact lattice in G, then there exists a
natural number m such that if Exp(G)∩ γm(N) is a nontrivial, connected, closed Lie subgroup of G that
admits G∩Exp(G)∩ γm(N) as a cocompact lattice. In particular, we have that G∩Exp(G)∩ γm(N) is a
nontrivial subgroup of G with elements of strict exponential distortion of nilpotent depth m. Hence, we
have the following corollary.
Corollary 1.3. Let G be a connected, simply connected, non-nilpotent, triangular Lie group with nilradical
N and exponential radical Exp(G), and suppose that G admits a cocompact lattice G. If m is the largest
natural number such that Exp(G)∩ γm(N) 6= {1}, then n RFG(n), and if m> 1, then n
m+1  RFG(n).
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We have the following corollary for the more general class of polycyclic groups that admit a strictly
exponentially distorted element in the Fitting subgroup. We note for polycyclic groups that the Fitting
subgroup is always a nontrivial nilpotent group.
Corollary 1.4. If G is an infinite polycyclic group with a nontrivial strictly exponentially distorted element
x ∈ Fitt(H), then n RFG(n). If x ∈ γm(Fitt(G)) where m> 1, then n
m+1  RFG(n).
Our next application is to finitely generated metabelian groups which by Hall [10, Theorem 1] are always
residually finite. By [19], we have that every finitely generated metabelian group is linear over a finite
product of fields, and in particular, if G is virtually torsion free, then G is linear over C. Thus, [4, Theorem
1.1] implies that RFG(n) n
k for some natural number k. Therefore, the best lower bound we can obtain for
this class of residually finite, finitely generated solvable groups using Theorem 1.1 is polynomial which can
be seen in the following corollary. For this corollary, we let BS(k,m) =
〈
x, t | txkt−1 = xm
〉
be the Baumslag-
Solitar group. We note that BS(1,m) for m> 1 is a metabelian group that is not virtually nilpotent.
Corollary 1.5. Let G be a finitely generated metabelian group with a nontrivial element x ∈ Fitt(G) that is
strictly exponentially distorted. Then n RFG(n). In particular, n RFBS(1,m)(n) for m> 1.
For this last corollary, we say that a finitely generated groupG has Pru¨fer rank r if every finitely generated
subgroup of G can be generated by at least r elements and r is the least such natural number. Otherwise, we
say that G has infinite Pru¨fer rank.
Corollary 1.6. Let G be a residually finite, finitely generated solvable group of infinite Pru¨fer rank with
a nontrivial infinite order element x ∈ Fitt(G) such that x is at least strictly exponentially distorted. Then
n RFG(n). If x has nilpotent depth m> 1, then n
m+1  RFG(n).
The proof of Theorem 1.1 proceeds by finding an infinite sequence of elements {gi} in G whose mini-
mal finite witness has order at least log( f (‖gi‖)). Similarly, when the distorted element has nilpotent depth
m> 1 in N, we construct a sequence of elements {gi} such that the minimal finite witness of gi has order at
least (log( f (‖gi‖)))
m+1. We first show that we may assume that the Fitting subgroup of any finite witness
of the elements in consideration is a finite p-group for some prime p. We then give conditions for the Fitting
subgroup of any finite witness of a nontrivial element in Fitt(G) to have order at least pm+1 when the nilpo-
tent depth of x is m > 1. We finish by choosing an element x that is strictly f -distorted and a sequence of
integers {ℓi} using the Prime Number Theorem so that our desired sequence of elements is given by
{
xℓi
}
.
AcknowledgmentsWe thank Ben McReynolds, Jean-Franc¸ois Lafont, Yves de Cornulier, David Anderson,
Tullia Dymarz, and Jim Cogdell for useful discussions regarding this article.
2. BACKGROUND
2.1. Notation. We denote lcm{1, · · · ,k} as the least common multiple of the natural numbers 1 to k. We
denote 1 as the identity element of any group. For a finite group G, we denote |G| as its cardinality. For
x ∈G, we denote OrdG(x) as the order of x as an element of G. For a finitely generated groupG with a finite
generating subset S, we denote ‖x‖S as the word length of x in G with respect to the generating subset S,
and we write ‖x‖ when the generating subset is understood from context. We let G(i) be the i-th step of the
derived series and γi(G) be the i-th step of the lower central series. For a finitely generated solvable group
G, we denote Fitt(G) as the Fitting subgroup of G.
2.2. Separability. We define the depth function DG : G\{1}→N∪{∞} of G to be given by
DG(x) =min{|H| |ϕ : G→ H, |H|< ∞, and ϕ(x) 6= 1}
with the understanding that DG(x) = ∞ if no such finite group H exists.
Definition 2.1. Let G be a finitely generated group. We say that G is residually finite if DG(x)< ∞ for all
x ∈ G\{1}.
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We define RFG,S :N→N as
RFG,S(n) =max{DG(x)|‖x‖S ≤ n and x 6= 1} .
For any two finite generating subsets S1 and S2, we have RFG,S1(n) ≈ RFG,S2(n) (see [3]). Hence, we
suppress reference to the generating subset in RFG,S(n) when it is clear from context.
2.3. Solvable Groups. For this next section, see [14, 20, 21, 22] for a more thorough discussion about
solvable groups.
We define the first term of the derived series of G as G(1)
def
= G, and for i> 1, we define inductively the
i-th term of the derived series as G(i)
def
= [G(i−1),G(i−1)].
Definition 2.2. Let G be a finitely generated group. We say that G is a solvable group of derived length
s if s is the smallest natural number such that G(s+1) = {1}, and when the derived length is unspecified, we
just say that G is a solvable group. We say that G is a nilpotent group of step length c if c is the smallest
natural number such that γc+1(G) = {1}. As before, if the step length is unspecified, then we say that G
is a nilpotent group. We say a finitely generated solvable group is a polycyclic group if every subgroup is
finitely generated.
We now introduce the Fitting subgroup of a finitely generated solvable group which will be an essential
tool in the proof of Theorem 1.1.
Definition 2.3. Let G be a finitely generated solvable group. The Fitting subgroup of G, denoted Fitt(G),
is the characteristic subgroup generated by all normal nilpotent subgroups of G
Since the last nontrivial term of the derived series of any solvable groupG is a normal abelian subgroup,
we have that Fitt(G) 6= {1}. When G is a finite solvable group or more generally a polycyclic group, we
have that Fitt(G) is a finitely generated nilpotent group. However, for a general finitely generated solvable
group, it is not necessarily the case that either Fitt(G) is nilpotent or even a finitely generated group.
We finish this section with the follow definition.
Definition 2.4. Let G be a finitely generated solvable group with a nontrivial element x ∈ Fitt(G). We say
that x has nilpotent depth m if there exists a normal nilpotent subgroup N such that m is the largest natural
number where 〈x〉∩ ∈ γm(N) 6= {1}.
3. FINITE QUOTIENTS OF SOLVABLE GROUPS
We start with the following lemma that relates the cardinality of a finite p-group with its step length.
Lemma 3.1. Let p be a prime number. If Q is an abelian finite p-group, then |Q| ≥ p. If Q is a finite
p-group of step length c> 1, then |Q| ≥ pc+1.
Proof. Since the first statement is clear, we may assume that Q has step length c > 1. We prove the
second statement by induction on step length, and for the base case, we assume that Q has step length
2. There exist nontrivial elements x,y ∈ Q such that [x,y] 6= 1, and since Q has step length 2, we have that
[x,y] ∈ [Q,Q]≤ Z(Q). For the subgroupH = 〈x,y, [x,y]〉, we have that each element can be written uniquely
as xt ys [x,y]ℓ for natural numbers 0 ≤ t < OrdQ(x), 0 ≤ s < OrdQ(y), and 0 ≤ ℓ < OrdQ([x,y]). Therefore,
we have that |H|= OrdQ(x) ·OrdQ(y) ·OrdQ([x,y]) ≥ p
3. Thus, |Q| ≥ p3, and since |H| | |Q|, we have that
|Q| ≥ p3.
We now assume that Q has step length c > 2. By induction, we have that |Q/Qc| ≥ p
c, and since Qc is
abelian, we have that |Qc| ≥ p. In particular, |Q|= |Q/Qc| · |Qc| ≥ p
c+1. 
Let G be a finitely generated solvable group with a nontrivial element x ∈ Fitt(G). The next proposition
implies that if given a surjective group morphism ϕ :G→H where ϕ(x) 6= 1, then we may assume Fitt(H)
is a finite p-group for some prime p.
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Proposition 3.2. Let G be a residually finite, finitely generated solvable group with a nontrivial element
g ∈ Fitt(G). Let ϕ : G→ H be a surjective group morphism to a finite group where ϕ(x) 6= 1. Then there
exists a prime number p and a normal subgroup K E H such that Fitt(H/K) is a finite p-group where
ϕ(x) /∈ K.
Proof. Since H is solvable, there exists a subnormal series of subgroups {1} = H0 ≤ H1 ≤ ·· · ≤ Hr = H,
known as a composition series, such that |Hi+1/Hi|= pi where pi is some prime. We proceed by induction
on the length of the composition series which is given by r, and since the base case is clear, we may assume
that r > 1.
Given that x ∈ Fitt(G), there exists finitely many normal nilpotent subgroup {Ni}
t
i=1 such that x ∈ N
where N = N1 ·N2 · · ·Nt . Thus, [11, Theorem 2.5] implies that N is a normal nilpotent subgroup of G.
Since ϕ(g) 6= 1, we have that ϕ(N) is a nontrivial, normal nilpotent subgroup of H. Therefore, ϕ(N) is a
subgroup of Fitt(H), and thus, ϕ(x) ∈ Fitt(H). If Fitt(H) is a finite q-group for some prime q, then we are
done. Otherwise, we may assume that |Fitt(H)| = ∏ks=1q
ts
s where each qi is a prime. Since [11, Theorem
2.7] implies that Fitt(H) = ∏ki=1Qi where |Qi|= q
ti
i , we may write ϕ(x) = (a1, · · · ,ak) where ai ∈ Qi, and
given that ϕ(x) 6= 1, there exists some i0 such that ai0 6= 1. Given that K = ∏
k
i=1,i6=i0
Qi is a characteristic
subgroup of Fitt(H), we have that K is a normal subgroup of H where ϕ(x) /∈ K. We note that H/K
has composition length strictly less than that of H; thus, by induction, we have that there exists a normal
subgroupW/K E H/K such that Fitt(H/W) is a finite q-group for some prime q and where ϕ(x) /∈W as
desired. 
4. STRICT DISTORTION OF CYCLIC SUBGROUPS IN SOLVABLE GROUPS
Throughout this section, f : N→ N will be a nondecreasing function where f (n) 22
n
.
Definition 4.1. Let G be a finitely generated group with a finite generating subset S. We say that an infinite
order element x ∈ G is strictly f -distorted if there exists constantsC1,C2 > 0 such that
C1 |n| ≤ f (‖x
n‖S)≤C2 |n|
for all n > 0. If f (n) = 2n, we say that x is strictly exponentially distorted. When f is linear, we say that
x is undistorted.
The following simple lemma relates the strict distortion of an infinite order element with the strict dis-
tortion of proper powers of that element.
Lemma 4.2. Let G be a finitely generated group with a nontrivial infinite order element x∈G that is strictly
f -distorted. For all k > 1, we have that xk is a strictly f -distorted element of G.
Proof. Let S be a finite generating subset of G. There exists constants C1,C2 > 0 such that C1 |n| ≤
f (‖xn‖S)≤C2 |n|. Thus, we haveC1 k |n| ≤ f (‖(x
k)n‖S)≤C2 k |n|. 
It is important to note that if G is a finitely generated solvable group of exponential growth, then it not
necessarily the case that G has any distorted elements. Indeed, [5, Example 7.1] constructs a group of the
form Z4⋊Z which has exponential growth but every element is undistorted.
For a finitely generated solvable groupG with a nontrivial element x∈ Fitt(G), this last proposition gives
lower bounds for the size of any finite p-witness of x in terms of the nilpotent depth of x.
Proposition 4.3. Let G be a residually finite, finitely generated solvable group with a nontrivial element
x ∈ Fitt(G) of nilpotent depth m. If ϕ : G→ H is a finite witness for x where Fitt(H) is a finite p-group,
then |H| ≥ p. Moreover, if m> 1, then |H| ≥ pm+1.
Proof. Since the first statement is clear, we may assume that m > 1. By definition, there exists a normal
nilpotent subgroupN ofG such that x∈ γm(N). Since ϕ(N) is nontrivial normal nilpotent subgroup, we have
that ϕ(N)≤ Fitt(H). We claim that Fitt(H) has step length at least m, and for a contradiction, suppose that
γm(Fitt(H)) = {1}. Since ϕ(γm(N)) ≤ γm(Fitt(H)), we must have that ϕ(x) = 1 which is a contradiction.
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Hence, we must have that Fitt(H) has step length ℓ where ℓ≥ m. By Lemma 3.1, we have that |Fitt(H)| ≥
pm+1. Therefore, |H| ≥ pm+1. 
5. PROOF OF MAIN THEOREM
For the convenience of the reader, we restate Theorem 1.1.
Theorem 1.1. Let G be a residually finite, finitely generated solvable group that is not virtually nilpotent,
and let f : N→ N be a nondecreasing function such that 2n  f (n)  22
n
. If G admits an infinite order,
strictly f -distorted element x contained in Fitt(G), then
log( f (n)) RFG(n),
and if x has nilpotent depth m> 1, then
(log( f (n)))m+1  RFG(n).
In particular, n RFG(n), and if x has nilpotent depth m> 1, then n
m+1  RFG(n).
Proof. We first demonstrate that log( f (n)) RFG(n). Letting {pi}
∞
i=1 be an enumeration of the primes, we
consider the sequence of natural numbers given byαi= lcm{1, · · · , pi− 1}. We claim that log( f (‖x
αi‖S))≤
DG(x
αi). By the Prime Number Theorem, we have that log(αi) ≈ pi, and by definition, we have that
f (‖xαi‖S) ≈ αi. Therefore, log( f (‖x
αi‖S)) ≈ pi. Letting ϕ : G→ H be a surjective group morphism to
a finite group where |H| < pi, we have that OrdH(ϕ(x)) < pi. Thus, we must have that OrdH(ϕ(x)) | αi
which implies that ϕ(xαi) = 1. Hence, we have the first statement of our theorem.
Now let us assume that x has nilpotent depth m > 1. Lemma 4.2 allows us to assume that x ∈ γm(N)
for some normal nilpotent subgroup N of G. Denoting an enumeration of the primes as {pi}
∞
i=1, we de-
fine αi = lcm{1, · · · , pi− 1}
m+2 . We will demonstrate that (log( f (‖xαi‖S))
m+1 ≤ DG(x
αi). By the Prime
Number Theorem, we have that log(αi) ≈ pi, and by definition, we have f (‖x
αi‖S) ≈ αi. Therefore,
log( f (‖xαi‖S))≈ pi. Hence, we must show that p
m+1
i ≤ DG(x
αi).
Let ϕ : G→ H be a surjective group morphism to a finite group where |H| < pm+1i . Proposition 3.2
implies that we may assume that Fitt(H) is a finite q-group for some prime q. Since |H|< pm+1i , we have
that |Fitt(H)|< pm+1i leading to a number of cases.
Suppose first that |Fitt(H)|< pi. By construction, |Fitt(H)| | αi, and since the order of an element divides
the order of the group, we have that OrdH(ϕ(x)) | αi. In particular, we have that ϕ(x
α j ) = 1 in H.
Now suppose that q < pi and that pi < |Fitt(H)| < p
m+1
i . There exists some natural number v such
that qv < pi < q
v+1, and thus, qv (m+1) < pm+1i < q
(v+1)(m+1). Therefore, we have that |Fitt(H)| = qvt+r
where t ≤ m+ 1 and 0 ≤ r < v. Given that qv < pi, we have that q
v | lcm{1, · · · , pi− 1}; in particular,
it follows that qv t | (lcm{1, · · · , pi− 1})
m+1 . Since r < v, we have that qr < pi. Hence, it follows that
qr | lcm{1, · · · , pi− 1}. Therefore, |Fitt(H)| | αi, and since the order of ϕ(x) divides |Fitt(H)|, we must
have that ϕ(xαi) = 1.
Finally, we assume that q ≥ pi. If ϕ(x) = 1, there is nothing to prove. Therefore, we may assume that
ϕ(x) 6= 1, and by Proposition 4.3, we have that |Fitt(H)| ≥ qm+1. Hence, we have that either ϕ(x) = 1 or
|H| ≥ pm+1i . In particular, we may ignore this possibility.
Since each possibility has been covered, we must have that pm+1i ≤ DG(x
αi). Therefore, it follows that
(log( f (‖xαii ‖S))
m+1  DG(x
αi
i ). Thus, (log( f (n)))
m+1  RFG(n). 
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